A fusion frame is a collection of subspaces in a Hilbert space, generalizing the idea of a frame for signal representation. A tool to construct fusion frames is the spectral tetris algorithm, a flexible and elementary method to construct unit norm frames with a given frame operator having all of its eigenvalues greater than or equal to two. We discuss how spectral tetris can be used to construct fusion frames with prescribed eigenvalues for its fusion frame operator and with prescribed dimensions for its subspaces.
INTRODUCTION
A fusion frame is a sequence of subspaces of a Hilbert space along with a sequence of weights so that the sequence of weighted orthogonal projections onto these subspaces sums to an invertible operator on the space. Fusion frames-introduced in 1 and refined in 2 -have become a subject of interest due to their applicability to problems in distributed processing, sensor networks and a host of other directions. Fusion frames provide resilience to noise and erasures due to, for instance, sensor failures or buffer overflows, [3] [4] [5] [6] as well as robustness to subspace perturbations 2 which can happen because of imprecise knowledge of sensor network topology. For fusion frame applications, we generally need extra structure on the fusion frame such as prescribing the fusion frame operator or the dimensions of the subspaces. Being able to construct fusion frames with prescribed frame operator allows for example to add subspaces to an existing fusion frame to force it to become tight. 7 In this paper we address the question of how to efficiently construct fusion frames with prescribed dimensions of the subspaces and prescribed eigenvalues of the fusion frame operator. We consider the question for which sequences of eigenvalues (λ n ) N n=1 ⊆ [2, ∞) and dimensions we can use the elementary spectral tetris algorithm to construct a fusion frame having those eigenvalues for its fusion frame operator and having those dimensions for its subspaces.
PRELIMINARIES

Fusion frames
The synthesis operator of a finite sequence
is a frame if its frame operator S = F F * satisfies AI ≤ S ≤ BI for some positive constants A, B where I is the identity on C N . It is a tight frame if A = B, i.e. if
equals A whenever n = n and 0 whenever n = n . In the case of a tight frame, the constant A equals M/N and is also called the tight frame bound or the redundancy of the frame. A unit norm tight frame is a tight frame {f m } 
for some positive constants A, B. It is a tight fusion frame if A = B. Using the Horn-Klyachko compatibility inequalities 8 gives a characterization of the sequences of weights and dimensions of the subspaces for which tight fusion frames exist. In this paper we restrict ourselves to the case where all weights are equal to one and denote the fusion frame by {W k } K k=1 . In this case, the fusion frame operator is S =
d=1 is an orthonormal basis of the range of P k then
for all f ∈ C N . This shows that every fusion frame arises from a traditional frame that satisfies additional orthogonality requirements. To be precise, we say that a sequence
d=1 is orthonormal for k = 1 . . . , K. We call a fusion frame tight if its fusion frame operator is a multiple of the identity and say that a (fusion) frame has certain eigenvalues if its (fusion) frame operator has these eigenvalues.
Spectral tetris as a tool for fusion frame construction
The term spectral tetris refers to a systematic method for constructing unit norm tight frames. This construction was introduced in 9 to generate unit norm tight frames in R N for any dimension N and any number of frame vectors M provided that M ≥ 2N . A straightforward extension to the construction of unit norm frames having desired eigenvalues (λ n )
7 We review this construction in Table 2 .2 and refer to it as the spectral tetris construction (STC) and to the frames STC constructs as spectral tetris frames. In STC {e n } N n=1 denotes the sequence of standard unit vectors of R N . Instructive examples on how the algorithm constructs the desired synthesis matrices of spectral tetris frames one vector at a time are given in 7 or. 9 A major application of spectral tetris is the construction of fusion frames. Spectral tetris frames consist only of standard unit vectors or linear combinations of two standard unit vectors. As a result many pairs of vectors have disjoint support and it is therefore relatively easy to partition a spectral tetris frame into sets of pairwise disjoint vectors, as needed in the construction of fusion frames. We will call a fusion frame {W k } K k=1 a spectral tetris fusion frame if there is a partition of a spectral tetris frame
Choosing all weights to equal 1 and using spectral tetris frames along with modulation techniques, tensor products as well as spatial and Naimark complements, 9 provides a complete characterization of triples (N, K, d) for which tight fusion frames of K subspaces of equal dimension d exist in R N and gives an elegant algorithm to produce such tight fusion frames for most of the triples (N, K, d) .
A construction for equi-dimensional spectral tetris fusion frames having prescribed eigenvalues as above is given in. 7 The sufficient condition for this construction to work is that the dimension d of the subspaces satisfies N n=1 λ n = dK where K is the number of subspaces and that the sequence of eigenvalues is bounded by K − 3.
STC: Spectral Tetris Construction
Parameters:
• Dimension N ∈ N.
• Number of frame elements M ∈ N.
• Eigenvalues (λ n )
Algorithm:
end. 15) until λ j = 0. 16) end.
Output:
• Frame {f k } M k=1 . Table 1 . The STC algorithm for constructing a frame with a desired frame operator.
In this paper, we construct spectral tetris fusion frames with given eigenvalues ≥ 2 and subspaces of not necessarily equal dimensions. The proofs can be found in, 10 in which moreover spectral tetris is extended to construct unit norm tight frames with eigenvalues in [1, 2) and then used to derive non-equidimensional tight fusion frames with all eigenvalues equal to λ ∈ [1, 2), provided the dimensions of the subspaces are bounded by some constant dependent on the dimension of the ambient space and the sum of the dimensions of the subspaces.
Aside from the fact that spectral tetris (fusion) frames are easy to construct, their major advantage for applications is the sparsity of their synthesis matrices in terms of the total number of non-zero entries. This sparsity is dependent on the ordering of the given sequence of eigenvalues for which STC is performed. Note that STC is always performed for a certain ordering of the eigenvalues and that different orderings in general result in different spectral tetris frames. The sparsest synthesis matrices are achieved if the sequence of eigenvalues (λ n ) that spectral tetris frames are optimally sparse in the sense that given M ≥ 2N and a sequence of eigenvalues
, the synthesis matrix of the spectral tetris frame having these parameters is sparsest in the class of all synthesis matrices of unit norm frames that have these parameters, provided STC is run for the sequence (λ n ) N n=1 rearranged to be ordered blockwise. Note that for unit norm tight frames all eigenvalues are equal, and as such questions of rearranging the order of the eigenvalues do not arise.
FUSION FRAMES WITH PRESCRIBED EIGENVALUES ≥ 2 AND PRESCRIBED DIMENSIONS
Let M ≥ N be natural numbers and (λ n )
Given a sequence of dimensions we ask the question of whether and how we can find a spectral tetris fusion frame for R N whose subspaces have those prescribed dimensions and whose fusion frame operator has the eigenvalues (λ n ) N n=1 . In the simple example of given integer eigenvalues (λ n ) 6 n=1 = (4, 4, 3, 3, 2, 2 ) one can answer this question as follows. The spectral tetris frame for (λ n ) 6 n=1 in C 6 consists only of standard unit vectors: 
To get a different partition one cannot take any vector out of P i and put it into P j if i > j as this would destroy the orthonormality of the sets. One can on the other hand take certain vectors out of P i and put them into P j if i < j without destroying the orthonormality of the sets. Thus the sequence (|P 1 |, |P 2 |, |P 3 |, |P 4 |) majorizes the sequences of sizes of orthonormal sets which we can partition S into. Recall that (a n ) Due to the sparsity of the spectral tetris frames the above idea carries over to the construction of spectral tetris fusion frames in the general case of real eigenvalues ≥ 2. As above, one determines a sequence of numbers depending on the given eigenvalues (λ n ) N n=1 and checks whether or not this sequence majorizes the given sequence of dimensions. The sequence to compare with is the sequence of dimensions of a certain fusion frame for R Table 2 is called the reference fusion frame for the eigenvalues (λ n )
Note that different orderings of the eigenvalues will in general result in different RFFs with different sequences of dimensions of their subspaces. In the problem of constructing tight fusion frames all eigenvalues are equal and questions of how to order the eigenvalues no longer arise. In this case the majorization condition is also sufficient. 
until k = M .
Output:
• Fusion frame (
, where V i = spanS i . 
